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D=11 Supergravity

Eleven-dimensional supergravity consists of
the follovving fields: [Nahm, 77; Cremmer et al., 78]

e a Lorentzian metric g;
e a closed 4-form F'; and
e a gravitino W.

Supersymmetric vacua (g, F, W = 0) are so-
lutions of the equations of motion for which
the supersymmetry variation 6:W = 0, (as an
equation on ) has solutions.

Elementary brane solutions preserving % of

the supersymmetry:
e clectric membrane [Duff+Stelle, 91]

e magnetic fivebrane [Giiven, 92]
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Supermembranes

The elementary membrane solution has the
following form: [Duff+Stelle, 91]

2 1
ds® = H3ds?(E>Y) + H3ds?(E®)
F = +dvol(E>1) AdH 1,

where

e ds?(E%1) and dvol(E%1) are the metric
and volume form, respectively, of 3-di-
mensional Minkowski spacetime F2:1:

e ds?(E8) is the metric of 8-dimensional Eu-
clidean space E®; and

e I is a harmonic function on ES. For ex-
ample, we can take

H(r) =1 +T3,

corresponding to one or more coincident
membranes at r = 0.



Some remarks:

e More general H are possible, correspond-
ing to parallel membranes localised at the
singularities of H. In fact, we can take
H(x) to be arbitrary harmonic function
on 8 with suitable asymptotic behaviour:
H(x) — 1 as |x| — oo, say.

e [ here exist solutions where H is invariant
under some subgroup of isometries. In
this case, the interpretation is often less
clear: e.g., delocalised membranes,...

[Gauntlett et al., 97]

e Although the membrane solution with H
given above preserves only % of the su-
persymmetry, it interpolates between two
maximally supersymmetric solutions: F10;1
for r — oo and AdS, xS’ for r — 0.

[Gibbons+4Townsend, 93; Duff et al., 94]
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Near-horizon geometry

Notice that
ds?(E8) = dr? + r?ds?(S"),

where ds2(S7) is the metric on the unit 7-
sphere S’ c [E8.

In the limit »r — O,
(8%
im H ~ —.
r—0 (r) r0

T herefore in this limit,

1
ds® = « 3r4d52([E2 by 4+ a3fr—2d’r + a3ds?(S7).

The last term is the metric on a round 7-
sphere of radius R = al/%. The first two
terms combine to produce the metric on 4-
dimensional anti de Sitter spacetime with “ra-
dius” Rags = 5al/®:

2 2 ;221
du+<u>ds(2[E )]’

u? Rads Rigs

dSadS — RadS

r2

where u = —4—.
4R34s



Other branes
Similar considerations apply to other branes.

e.g., 3-brane in D = 10 [Horowitz4Strominger, 91]

1 1
ds® = H 2ds*(E31) 4+ H2ds?(E%),

where

HE) =1+

whose near-horizon geometry is given by

AdSs(BY/4) x S2(8Y/4).

Generally there are supersymmetric p-branes
in D dimensions with near-horizon geometry

AdSp_|_2 X SD_p_Q.

T hese solutions are all maximally supersym-
metric. Sacrificing some (but not alll) of the
supersymmetry, one can obtain p-branes with
more interesting near horizon geometries.
[Gibbons+Townsend, 93; Duff et al., 95; Castellani et al., 98]
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Solutions exist whose near-horizon geome-
tries are of the form

AdS, 4o x MP P2

where M is compact Einstein with positive
cosmological constant A= D —p— 3, just as
for the standard sphere (D — p — 2)-sphere.

The transverse space to the p-brane will be
the (deleted) metric cone C(M) of M.

Topologically, C(M) £ Rt x M with metric

dsZopne = dr? + r2ds?(M).

If M = SP~P=2 then C(M) = EP—P~1\ {0}.
In this case, the metric extends smoothly to
the apex of the cone.

More generally,
M is Einstein with A=dimM — 1

= C(M) is Ricci-flat and the metric has a
conical singularity.



Supersymmetry =

M admits real Killing spinors

)

C(M) admits parallel spinors
[B&r, 93]

Simply-connected spin manifolds admitting
parallel spinors are classified by their holon-
omy group. [Wang, 89]

Fact: C(M) Ricci-flat = not locally sym-
metric.

Fact: C(M) is either flat or has irreducible
holonomy group. [Gallot, 79]

Therefore, we need only consider irreducible
holonomy groups of manifolds which are not
locally symmetric.

In other words, those in Berger’'s table.



Holonomy and parallel spinors

Let (XP, g) be a simply-connected irreducible
spin riemannian manifold which is not locally
symmetric and V the riemannian connection.

The holonomy group Hol(V) of V is a com-
pact Lie subgroup of SO(D). These were
classified by Berger, with simplifications due
to Simons, AlekseevsKii.

Of those, the ones which admit parallel spinors
are given by the following table, which also
lists the number N (or (Ny,Ng) in even D)
of linearly independent parallel spinors.

[Besse, 87; Wang, 89]

D Hol(V) Geometry N
4k + 2 | SU(2k 4+ 1) | Calabi—Yau (1,1)

4k SU(2k) Calabi—Yau (2,0)

4k Sp(k) hyperkahler | (k+ 1,0)

7 Go exceptional 1

8 Spin(7) exceptional (1,0)




The holonomy principle guarantees the ex-
istence of certain parallel tensors on C(M),
whenever the holonomy group reduces.

For the geometries in the Table, we find

e Calabi—Yau n-fold
Orthogonal complex structure I and com-
plex holomorphic volume n-form A.

e Hyperkahler
Quaternionic structure I, J and K.

e G> holonomy
3-form @& and 4-form ® = xb.

e Spin(7) holonomy
Self-dual 4-form (2.
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The parallel tensors on C(M), together with
the Euler vector & = r0y, induce interesting
geometric structures on M.

(We identify M and {1} x M Cc C(M).)

Example: C(M) has Spin(7) holonomy, 2
the Cayley 4-form. Then define a 3-form ¢
on M by

d=1(&) -2 sothat Q=dr A ¢+ %o¢.

VQ =0 on C(M) implies V¢ = x¢p on M.
= M has weak Go holonomy.

Example: C(M) has G» holonomy, & the
associative 3-form. The 2-form w = 1(§) -
defines an almost complex structure J on M
by

(X,JY) =w(X,Y).

V& =0 on C(M) implies VxJ(X) = 0 but
VxJ #=0on M. = M is nearly Kahler.
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Similarly one can recognise the geometric struc-
tures for the hyperkahler and Calabi—Yau cases.

Every parallel complex structure I on C(M)
gives rise to a Sasaki structure on M:

e a unit norm Killing vector X = I¢;
e a dual 1-form 0 = (X, —);

e a (1,1) tensor T'= —V X satisfying
Vi T(W) = (V,W)X —0(W) V.
(In fact, C(M) is Kahler & M is Sasaki.)

It follows that

C(M) is Calabi—Yau < M is Sasaki—Einstein
C(M) is Hyperkahler & M is 3-Sasaki

[Bir, 93]
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New supersymmetric horizons

In summary, if the transverse space of a su-
persymmetric p-brane in D dimensions is a
metric cone C'(M), then the near-horizon ge-
ometry is AdS, 4> xM9, where d=D —p—2.

The fraction v of the supersymmetry which
IS preserved relative to the round sphere will
depend on the number of Killing spinors. We
also list the fraction v corresponding to the
opposite orientation for M.

d Geometry of M (v, V)

7 | weak G holonomy (%,O)
Sasaki—Einstein (%,O)

3-Sasaki (2, 0)
6 nearly Kahler (3.3)
5| Sasaki—Einstein | (7,7

Notice that this is particularly rich in dimen-
sion 7, when the transverse space to the
brane has dimension 8.
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Some examples

Consider the generalised membrane solution
where E8 is replaced by a metric cone C(M).
Its near-horizon geometry is of the form

AdS3_|_1 XMT.
Supersymmetric M include:

e 3-Sasaki ({% supersymmetry)
SU(3)/S(U1 X Ul)
NOlO [Castellani+Romans, 84]
Infinite toric family [Bielawski, 97; Boyer et al, 98]

e Sasaki—Einstein (3 supersymmetry)
Mpqrr [Castellani et al., 84]
Circle bundles over CP1 x CP! x CPY, CP? x
CﬂDl, (E|P3, SU(3)/W2, GI’(2|5) [Boyer+Galicki]

e weak G holonomy (11—6 supersymmetry)
Any squashed 3-Sasaki manifold (e.g., S7)
50(5)/50(3), Npqr [Castellani4+-Romans, 84]
Ny [Aloff-Wallach, 75]
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In D =10 a membrane has a 7-dimensional
transverse space which can be chosen to be
a cone over a nearly Kahler manifold.

In the 3-brane solution in D = 10, we can
also substitute the cone over the round S° for
the cone over any Sasaki—Einstein manifold.
Examples include circle bundles over CP?2 and
CP! x CP1.

Notice that for 5 transverse dimensions (d =
4), there are no examples except the sphere.
T herefore there does not exist a generalised
M5-brane in this context.
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General remarks

Homogeneous examples have all been known
for some time. [Castellani et al., 98]
There are infinitely many homotopy types of
weak Go holonomy manifolds, and even ex-
amples of exotic differentiable structures.
[Kreck+Stolz, 88]

Non-homogeneous examples are also plenti-
ful, although their supergravity spectrum is
much harder to compute. For example, all
possible rational homotopy types (b; = 0 ex-
cept for b, = bg) of 3-Sasaki manifolds ap-
pear.

There exists a 3-Sasaki quotient construc-
tion which, via the cone construction, corre-
sponds to the hyperkahler quotient construc-
tion. [Boyer et al., 94]
All known examples are toric quotients of
spheres whose cones are toric hyperkahler
manifolds. Some of these toric hyperkahler
are dual to intersecting branes.

[Gauntlett et al., 97]
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Outlook

T he relation between supersymmetry and ge-
ometry is still going strong. Many questions
are open:

Questions:

e \What can one say about the spectra of
the dual CFTs in the non-homogeneous
examples?

e Does duality relate the near-horizon ge-
ometries in an interesting way? Can some
of these geometries be dual to near-horizon
geometries of intersecting branes?

e Is there a more direct relationship be-
tween the 3-Sasaki quotient and super-
symmetry?

e Can one substitute S’ for an exotic S’
and remain with a supergravity vacuum
solution? Is it supersymmetric?
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