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1 Introduction

1.1 The Equivalence Principle
In 1907, Albert Einstein had the “happiest thought of his life”,

The gravitational field has only a relative existence... Because for an observer
freely falling from the roof of a house - at least in his immediate surroundings -
there exists no gravitational field.

The equivalence principle refers to the idea that freely falling in a gravitational field is
locally indistinguishable from being out in free space away from any sources of gravitation.
Einstein’s motivation came from the fact that in Newtonian mechanics the force of gravity
of an object is exactly proportional to that objects inertial mass. In Newtonian physics,
there seems to be no reason that gravitational mass and inertial mass would have to be
exactly equal yet every experiment shows them to be identical. This proportionality has the
consequence that all objects accelerate in a gravitational field at the same mass regardless of
their mass. In Newtonian physics, this is the reason for weightlessness. It is not that objects
in free fall do not experience any forces but rather that since all objects are being accelerated
equally, the gravitational field does not cause objects to acquire relative velocities which
would be measurable. However, this explanation is somewhat unsatisfying because it does
not explain why such an odd scenario should occur. Einstein realized that the equivalence
between free fall and no gravitational field at all is extremely fundamental. The fact that
all objects behaved the same way in a gravitational field regardless of their masses suggests
that gravity is not a force at all is the usual sense but an effect of geometry. The geometry of
space itself is what constitutes the gravitational field and what is responsible for altering the
trajectories of moving objects. Gravitational accelerations are not dependent on the mass
not due to some strange cancellation but rather because it is the geometrical path through
space itself which is being affected. Properties of the object in question are not relevant for
all objects are simply following the natural trajectories through a curved spacetime. But
what does it mean for space to be curved and how does the curvature affect trajectories of
objects through it?

1.2 What is Curvature?

Fundamentally, curvature comes down to the idea that distances may be measured differ-
ently at different places. Imagine a bug living on a hotplate. Suppose that the bug has
a metal ruler which it uses to measure distances and plot courses. However, unbeknownst
to the bug, the ruler expands when heated and contracts when cooled. Furthermore, the
hotplate is somewhat faulty so that the plate gets hotter as you move towards the center.
If the bug wanted to find the shortest path between two points, it would discover that
this path curved towards the hotter parts of the plate because fewer ruler lengths would
be necessary to traverse through regions in which the ruler is expanded. Furthermore, if
the bug measured the distance around the circumference of some circle and the radius of
the circle, it might not get a ratio of m if the inner parts of the circle are at a different
temperature than the rest. These are all the hallmarks of a curved space. The standard
notion of curvature is to take surface and put it inside some larger ambient space such that
one cannot make a plane tangent to the surface lay flat. This is certainly true but we prefer
a more intrinsic notion of curvature, one which can be discussed from the viewpoint of bugs



living inside said surface. Curvature will manifest itself in strange geometrical ways such
as having parallel lines diverge or converge, equal segments connected at right angles not
meeting up, and circles having a ratio between their circumference and diameter different
from 7. Intrinsically, curvature is about having the measurement of distances be different
from place to place. We need such an intrinsic definition because we ourselves are bugs
constrained to live within spacetime. We cannot see the the geometry of our universe as a
whole because we are stuck within it but we can measure it.

2 Tensors

2.1 The Principle of General Covariance

Once we start working with complicated curved spaces, preferred sets of coordinates such as
Cartesian coordinates will no longer be possible. Most of the definitions we will make will
be motivated by the principle of general covariance, that the laws of physics should look
the same in all reference frames and in all coordinate systems. This principle is extremely
powerful and is a guiding principle in cooking up new theories in all branches of modern
physics. In essence, the principle of general covariance says that while some coordinate
systems may be more convenient for a given problem, all coordinate systems are equally
good from the point of view of the fundamental physical laws. The equations should take
on the same form no matter what coordinates we use to compute them. There are no
privileged frames of reference in physics.

2.2 Basis Vectors

For the time being we will work in a vector space equipped with a metric (or pseudo-metric).
It will suffice to study R™ in this section because every real vectorspace is isomorphic to R"
where n is the dimension of the vectorspace. Although we will use the fact that our space
is a vectorspace frequently, we may want to choose coordinates which break the additivity
of the space (for example polar coordinates). With the principal of general covariance in
mind, we want this discussion to be general to any set of coordinates.

Given a set of coordinates which we will denote as (x!,-- -, 2™) where n is the dimension
of the space, we can define a set of basis vectors at each point. We can think of these as
vectors in the ambient R™ euclidean space or as vectors in the tangent space which is a
copy of R™ glued to each point representing the fact that a tangent vector is a local notion.
These subtleties will not concern us here. We define the covariant basis vectors by,

_ OR(a',--- 2"

N oxt

which represent the local “directions” of each coordinate. The term “covariant” will be
discussed later. For the coordinate system to be nondegenerate, we require that at every
point, the basis vectors from a basis of the ambient space R”. In general, we define the
tangent space at a point to be the span (set of all linear combinations) of the covariant
basis vectors.

Suppose we have two different coordinate systems, or frames, which parameterize our

a($1;“' ,z")

space, (z!,---,2") and (2'!,--- ,2™). We want to relate the covariant basis in the primed
frame to that of the unprimed frame. Using the chain rule,
., OR QR
e, = T = — e €5
’ oz’ OxJ dx i
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where,

A = il

7 8x/2

is the lower transformation symbol and I have introduced Einstein summation conventions
where repeated indices are summed over. The transformation symbol is computed by view-
ing the coordinates on the top as a function of the coordinates on the bottom. This is
possible because both sets of coordinates can determine any point in the space. The prime
on the bottom denotes the fact that the primed coordinates are on the bottom of the
derivative. That is the upper transformation symbol is,

a2
! oz
In general, we will call any set of objects that transforms by contracting with the lower
transformation symbol covariant. For example, consider a function F : R® — R. We
are going to consider the derivatives of this function with respect to the coordinate sys-
tems (z1, -+ ,2,) and (2], ,2},x) where we assume nothing about the relation between
these coordinate systems except that each coordinate is a smooth (infinitely differentiable)
function of the other. Using the chain rule,

OF _ OF o,
o, - Oz Ox}

This sort of a transformation is know as covariant because the quantity 8F transforms in
the same way as the (covariant) basis. The opposite notion is contravariant (varylng against
the basis). For example, consider a curve v*(\) parameterized by a coordinate A. The curve

is set of points (y1(\),---,7"(\)) parameterized by some variable t. Consider the tangent
vector, ‘
g
dA

Technically, what I have defied here is just a bunch of coordinates not a vector. The real
tangent vector to the curve is the vector,

dR(y'(N), -+ ,7'(\) _ OR dy’

dA © 0zt dA
which lies in the tangent space. Therefore, the object ' are the components of the true
tangent vector. However, we often call t* a vector in its own right because of how it
transforms under the change of coordinates. Consider,

pi_ 4 A (N, ) 0y
dA dA Oz dA J

Therefore, t* transforms using the upper transformation symbol so we call ¢! contravariant.
An object with a single contravariant (upper) index is often called a vector while one with
a single covariant (lower) index is called a covector.

— et

=

2.3 The Tensor Property

Definition 2.1. A type (or rank) (p, ¢) tensor T is an indexed collection of numbers lel;j ;”

which transforms under change of coordinates by the rule known as the tensor property,

T/'L Z2 'L

]1]2 “]q

-/ .
Ah Alz L Az.ij}AD A]q 192 ip
11 p jl

Jq ]1]2 ]q



We call p the contravariant type and ¢ the covariant type. A type (p,0) tensor is called
contravariant and a type (0, ¢) tensor is called covariant. In particular, a type (1,0) tensor
is called a vector, a type (0, 1) tensor is called a covector, and a type (0,0) tensor is called a
scalar or invariant because it does not transform at all. A tensor of any other type is called
“mixed”.

Although this definition looks fairly horrible, the idea is very simple. All it says is
that T is an indexed set of numbers such that each upper index transforms with an upper
transformation symbol and each lower index transforms with a lower transformation symbol.
The reason that tensors are important is that if we can form our fundamental physical laws
as equations of tensors then they will automatically hold in every reference frame. To see
why this is true, suppose that we have the tensor equation,

i1 zp_ 81 zp

J1-Jq JiJq

what this means is that the tensors agree component-wise. For this to make sense, both sides
of a tensor equation must have the same indices such that we can identify the components
that have the same indices. Now suppose we evaluate the tensor 7T in a new coordinate
system,

1l i)

T S AT AP AT e N AT AR A g g

J1dg i1 ip” 1 Jg~ g1 Jq 1 ip” ] Jo " d1dq J1dg

1l i)

so the tensor equation also holds in the new coordinate system. The general fact that if a
tensor equation holds in one coordinate system then it must hold in all coordinate systems
is, at its core, a consequence of the fact that all tensors, by definition, transform the same
way. Tensors provide a perfect language to write physical laws which satisfy the principle
of general covariance.

2.4 Tensor Products and Contractions

Given two tensors we can form the tensor product simply by multiplying the components.
This gives us a new tensor of a higher type. Explicitly, given a type (p1,q1) tensor T and
a type (p2,q2) tensor S we can form the tensor product T'® S or just T'S which is a type
(p1 + p2,q1 + g2) tensor with components,

<T®S)Zl “Upylpy+1ipytpg _ ilipy . Ip1+1°lpy+pg
JiJqrday+1-Jay+az J1day Ja1+1Jq1+a2

This is clearly a (p1 4+ p2, ¢1 + ¢2) tensor because each index gets an appropriate transforma-
tion symbol by virtue of the fact that T" and S are tensors. Because it is just multiplication
component-wise, the tensor product is symmetric if both the indices and the tensors are
swapped.

Now we know how to make tensors of higher type but we can also make tensors with
lowered type by index contraction. To contract an upper and lower index, we take the trace
over those indices. For example, given the type (2,1) tensor, T} " we can form a type (1,0)

tensor S* by taking,
n
i tj ij
§'=T7 =317,
j=1



remembering the Einstein summation convention. I need to show that this construction
satisfies the tensor property. The Kronecker delta (5} is defined to be the components of the

identity matrix,
] . .
0 i#]

By the definition of partial derivatives,

ox' dxk B ox't
oxk ozt Ol

Ak _ s
AR A = =0}

and similarly, ‘ A
LAY = Oat Dt _ Dt
7o oxk dxt Qxd
Therefore the upper and lower transformation symbols are inverses. Now, consider the
transformation of S,

S =TT = NN AR = AT = AT = AL
Therefore, S* is a type (1,0) tensor. This construction, contracting over an upper and a
lower index, works in general and transforms a type (p,q) tensor into a type (p — 1, — 1)
tensor.

A very important special case of contraction is forming invariants form tensors. For
example, given a type (1,1) tensor 7" we can contract to form a type (0,0) tensor which is
by definition an invariant. Explicitly, let S = Tf then S transforms as,

S =T = NINTY = b0 =19 = 5

Thus, S is an invariant, it has the same value in all coordinate systems. Invariants are
extremely important in physics because they have the wonderful property that you only
ever need to compute them once any you can choose whatever coordinate system is most
convenient in which to do this computation. There will be many applications of forming
invariants out of tensors. One very important invariant is the inner product of a type (1,0)
tensor A and a type (0,1) tensor B given by A - B = A'B; which is the contraction of the
tensor product. Of course, we can also define it the other way for a type (0,1) tensor A
and a type (1,0) tensor B in which case A - B = A; B’ again the contraction of the tensor
product. Once we have the metric tensor to deal with, we will be able to take the inner
product of two vectors or two covectors or really any two tensors whatsoever.

2.5 The Intrinsic Notion of a Tensor

Remark 2.5.1. 1 recommend skipping this section unless you have a strong background in
(multi)linear algebra. The concepts expressed here are very interesting but are not necessary
to the remainder of the course.

We have already seen one example of an invariant inner product, the tangent vector
as an element of the tangent space. Since we saw that é; forms a (vector-valued) rank-1
covariant tensor or covector and ' a (real number valued) rank-1 contravariant tensor or
vector. Therefore, we can take the inner product to form an invariant,

f=¢t



which is the geometric tangent vector in the tangent space we defined earlier. This is an
invariant geometric vector which means it is a geometric object which is invariant under
transformations of coordinates used to define it. This geometric vector lives in the ambient
vector space so it is a fundamentally different beast than the (not invariant since it is a tensor
of non-trivial type) vector t* of components.In fact, all tensors have some sort of coordinate-
independent abstract geometric realization. This geometric object T' is represented by the
coordinate dependent indexed set of numbers T;;Z’ . The fact that 7" is an invariant object
and has a coordinate independent meaning is captured by the specific transformation law
satisfied by its component representation.

For the mathematically inclined, we can give a purely geometric definition of tensors.
However, because these objects are abstract, the only way to do actual computations with
them is using a coordinate representation. That said, the invariant coordinate independent
notion is important conceptually for thinking as the entire tensor as a geometric “thing”.
Given a manifold M', we can define the tangent space at a point p denoted by T,M as the
span of the covariant basis. This is a finite-dimensional vectorspace. Then, the space of all
type (k, ) tensors at the point p is given by,

(Tek)p = (TPM)®k ® (T;M)w

where Ty M = (T, M)* is the cotangent space which is defined to be the dual space of the
tangent space. However, this is the space of all tensors at a given point. What we really
care about is the bundle of all (k,[)-tensors everywhere on our space,

1 = T] @m)*F @ (1)
peEM

An abstract tensor can be defined by its components. Let e; be the covariant basis at a
point p and let e’ be the dual (contravariant) basis also at p. Then given a coordinate
representation of a (k,¢) tensor we can define a type (k, ) tensor at the point p by,

T=TI e, @ @e, @l @@ € (TfF),

using Einstein summation convention. Because this is a total contraction of tensors, the
object T is invariant. Up until now, we have only talked about tensors defined at a given
point. However, what we really care about is tensor fields which are the association of a
tensor to each point in space. This is where the bundle of all tensors will come in handy.
We define a type (k, £) tensor field o as a section of the bundle of type (k, ¢) tensors. That
is, a map o : M — T} such that each point is sent to a tensor at that point, o(p) € (TF)
for each p € M.

2.6 The Metric Tensor

Because we have a dot product in our ambient space (on geometric objects) we can define
the metric (rank 2 covariant) tensor given by dot products of the covariant basis,

Gij = €i " €5

Because the dot product is commutative, the metric tensor is symmetric, g;; = g;;. The
metric tensor is the object we use to measure the lengths of vectors and the distances

"We will come back to what this means in the next chapter. For now, think of it simply as some space.



between points. To see this, consider a small geometric displacement vector,

dR = a—R.dxi = &.da?
oz’

The squared length of this vector is given by,
dR? = (&da?) - (€jda?) = &; - &;da’da? = g;jda’da?

Therefore, the metric tells us how to calculate the length of small displacements given their
coordinates. Now we can define the contravariant metric tensor which is a type (2, 0) tensor,
g defined to be the inverse of g;;. That is,

i

979 = 6, and  gijg’* = 5,

We can use the covariant and contravariant versions of the metric to perform “index jug-
gling” which consisting of moving indices up and down. Given a vector A* we can construct
a covector A; = gijAj . Similarly, given a covector B; we can construct a vector B* = ¢ B;.
Similarly, we can raise and lower any index of a mixed tensor using g;; and g”. Because
these tensors are inverses, raising and lowering indices are inverse operations.

Using this definition, we can define an invariant from any vector or covector. Given a
vector A® define the invariant,

A-A=AMA = giinAj
Likewise, given a covector B; define,
BB = B;B" = ¢ B;B,
Furthermore, define the contravariant basis,
g = g¥ g
which transforms as a contravariant tensor of geometric vectors.
Theorem 2.1. Properties of the Metric,
1. Symmetric, gi; = gji
2. The contravariant basis contracts to form the contravariant metric,
&&= giha - gl = g* g g = 98] = g
3. The covariant and contravariant bases are orthonormal or dual,
& el = g% & = g gy = 0}

and similarly,
i

" ik o ik i
€ -e;=9"€e-€=g gkaéj



2.7 Determinants

In general relativity, we care almost exclusively about four-dimensional spaces. Therefore,
we will discuss the theory of determinants explicitly in the case n = 4 for rank two tensors.
However, these results are all easily generalized to arbitrary dimensions. We first define the
fully skew symmetric symbol, S;;x; by the properties,

1. Soooo =1
2. Swapping any two indices changes sign S = —Sjirt = Sjux ete.
3. If any index is repeated then the symbol is zero Syr = Sijrx = 0.

Definition 2.2. For the dimension n = 4 we can define the determinant A of a type (0,2)
tensor a;; by,
SijklCaitjackad) = ASaped

where repeated indices are summed.

This is a valid definition because the left hand side is fully skew symmetric since, by,
SijklbiGajackad) = ASabed = —SjikiOiGajOckdl = —Sjiki0ajabilckAdl
which is equal by renaming. One can explicitly check that,
Sijk1Sijr = 4!

Therefore, the determinant of a with lower indices is given by the formula,
1
deta. = A= Isabcdsijklabiaajackadl

Theorem 2.2. det (a.;b") = det (a..) - det (b”)
Proof. (DO THIS PROOF) O

Using the same idea as the definition of the determinant, we can define a new tensor of
cofactors which will give us a tensor similar to the inverse.

Definition 2.3. The cofactor tensor of a.. is a type (2,0) tensor A = %Sabcdsijklabjackadl.

The cofactor tensor is almost the inverse. It differs only by a numerical factor which
happens to be exactly the determinant. Explicitly,

Theorem 2.3. A™aq,,; = A(S} s0 if the inverse exists, AY = A(a=1)¥
. L ) 4
Proof. A" am;j = 51Smbed SikirGmjQbkQciGdr = 37.SjkirSikir = 0; O

Theorem 2.4.

A ) o
G4 =
)
Proof.
o [1 4, 1 i
Bar Esabcdsrsklaarabsackadl = @@ 07 Sabed SrsklAbsGekAdl = gsibcdsjsklabsackadl =A
i 14! ! !

O
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2.8 The General Transformation Symbol
Definition 2.4. T is a type (p, q) relative tensor of weight W if,

T/ AWA?'l.--A.P..-AJ1 N

Ji-dg 3! ip Jg " J1dq
where AW = det (A ) . Equivalently,

T AL AT AT A AW
J1g i Jidq
If we try to transform the transformation symbol, we find that it is a relative tensor of

weight 1 because,
Sl ALALARAL = S ALA]ARAY = ASqped

Let g = det (g..). Using the fact that, g'*gy; = 5;- then,
det (¢g7) -det(g.) =1

Therefore, det (g7) = g~ L.

2.9 The Levi-Civita Tensor
3 The Basic Theory of Manifolds

3.1 Definition

3.1.1 Euclidean and Minkowski Spaces
3.2 From Space to Space-Time

3.3 The Covariant Derivative

To discuss curvature, we will need to take the derivatives of tensors. However, here we reach
an issue. In general, the derivative of a tensor will not be a tensor. To see the difficulty,
consider,

AT = ALOI(A,AT) = N A0, AT + AL AT O,

which is not zero because the transformation symbol may vary from place to place. This
extra term means that the derivative of A is not a tensor. We will need to fix this problem
if we hope to apply our theory to differential equations of tensors.

Geometrically, the issue is one of connection. The manifold has a tangent space attached
at each point but we don’t have an a priori way to connect a tangent vector at one point
to a tangent vector at another point. Since the coordinates may be quite wonky, there will
not be a natural way to extend the tangent spaces to make a single vectorspace in which
all vectors can be compared as they can be for Cartesian coordinates. Explicitly, the issue
is that as one moves about the manifold, the basis vectors change which means that the
geometrical meaning of the components of a vector changes from place to place. Without
a way to compare the components of a vector at neighboring places, we cannot define a
derivative that makes sense. It turns our we can solve both these problems simultaneously
by making use of the ambient euclidean space. Since each tangent space is embedded in the

11



ambient space, we do have a natural way to compare vectors. Therefore, we should use the
geometric invariant we cooked up before. I claim that the quantity,

VAR = &F . 9,(e;A7)

is a type (1,1) tensor because €A’ is an invariant so we have no issues with differentiating
a transformation symbol under changes of coordinates. This combination is known as the
covariant derivative because it is a derivative which is a covariant tensor. However, it
is not immediately clear that this definition reduces to the standard derivative in “nice”
coordinates. We can write the covariant derivative in a more explicit form,

VAR = &% . 0,(8; A7) = &% . 8,0,A1 + A7 (ak‘ : aigj) — 9;AF + AT,

where the Christoffel symbols I‘fj appear naturally.

Definition 3.1. The Christoffel symbol is defined the indexed set of coefficients,

Note that Ffj is called the Christoffel symbol not the Christoffel tensor because it does
not transform as a tensor due to the derivative of an non-invariant object. However, the
non-covariance of the Christoffel symbol exactly cancels the failure of 9; A to be a tensor
such that the combination in the covariant derivative satisfies the tensor property. The
Christoffel symbol has many nice properties which we will need to exploit over and over
again.

Lemma 3.1. Properties of the Christoffel Symbol,

1. Tf =Tk
2 é 9 =1,
Proof. (DO PROOF) O

We can similarly define a covariant derivative for covectors by considering the invariant
geometric covector which has a tonsorial derivative,

VA, =éj - 8¢(€jAj) =€y - éjﬁiAj + A (ék . 8Z~é'j) = 0; Ay — Ajl“gk
This suggests the following definition,

Definition 3.2. The covariant derivative of a type (p,q) tensor T is the type (p,q + 1)
tensor,
i o il kevip pin i1k Tip  pttip ok L mtippk
Vilj.jg = 05 gy + T Dt + 1505,V = T i = Ty T
Using the invariant geometric notion of the tensor which has a coordinate independent
derivative because it is an invariant, we can prove that the above definition always produces

a tensor. Alternatively, this can be checked explicitly by evaluating it in a new coordinate
system. I absolutely do not recommend doing this because it is beyond horrible.

12



Lemma 3.2 (The Product Rule). For any two tensors T and S, the covariant derivative
satisfies the product rule,

V(T®S)=(VT)®S+T® (VS)

Proof. This follows simply by the product rule for normal derivatives and factoring. We
will show this explicitly for the special case of type (0, 1) tensors,

Vi(AiBj) = 0x(AiB)) — AB;Ty — A; BT},
= BjﬁkAi + AiakBj — AgBijk — AiBgrﬁj
~ B (akAi - Agl—‘fk> + A; (akBj - Bgrij)
= (VkAi)Bj + Al(ka])

3.4 Covariant Derivative of the Metric

The covariant derivative of the metric can be explicitly computed,

o(e; - €j)

Vigij = T ok gmjfﬁ — Gim ;rfg
0€; 0€; ., 0€; . 0€;
8.%2 €+ 83:2 Gms€"" 833; = gim€™" - 696?“
0€; Gej L oe 66]
T A A R o

Therefore, the covariant derivative of the metric is always zero. This implies that if we
can find a coordinate system in which the Christoffel symbols vanish at a point, then the
coordinate derivatives of the metric also vanish. Such a reference frame is known as a locally
inertial frame in general relativity and will be very important for simplifying calculations.
This important property makes our definition of the covariant derivative well-defined under
index juggling. That is, the covariant derivative commute with index juggling. Consider,

[8A

Vidi = Vg AN = AVVkgij + 915V Al = 9k

+AmTd, ]

Furthermore,

J ) .
gi [8‘4 Y ] S BT O

8:Uk mk al’k ox k
0A4;
= a$ - AJ A]gzmr + Amgm
0A4;
= ot~ AnT
which is consistent with our definition that,
8A

Index juggling in the other direction also works because Vg% = 0. Therefore, we can raise
and lower indices inside a covariant derivative without issue since raising with the metric
inside the derivative is the same as raising with the metric outside.
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There is one further important set of quantities we would like to know the covariant
derivative of, the basis vectors. Consider,
0€;

Vid; = 54— all = (1-@@5’“)-

8ej

ozt

The operator €, ® €* is a map from the ambient space of geometric vectors to the tangent
space acting by the dot product with a vector,

(e @er)-v=2¢ (e% )
Because €, is a basis of the tangent space and €; - €7 = 55 we know that if ¥ = v'€; is in the
tangent space then,

(& @er) 7= (& @er) vie =t (EF &) =e'of =" =7

Thus, €, ® €* is the projection operator from the ambient space onto the tangent space
since it taken any vector into the ambient space and preserves any vector already in the
tangent space. Therefore,

l-¢e.®¢ k

is the orthogonal projector to the tangent space. This operator takes any vector and sub-
tracts out the component in the tangent space leaving only the component perpendicular
to the tangent space. Therefore, the covariant derivative of the basis,

9¢;
ozt

%,
ozt

Vid) = 5% = aTl = (1- o).
gives the component of the change in €; in the direction 2 which is pointing out of the
tangent space. If the tangent space has the same dimension as the ambient space we are
embedded in then the basis €; spans the entire space so the covariant derivative of the basis
vectors is identically zero. Furthermore,

0 . 08, (. 0@ e\ 0@
vie]:8$i+e Fik:@mi_e T\ g :<1_6 ®€k>'8w75

which has the exact same properties but is a map from the ambient space of covectors to
the cotangent space. Similarly, if the dimension of the cotangent space (which is equal
to the dimension of the tangent space because they are finite dimensional) is equal to the
dimension of the ambient space then the covariant derivative of the contravariant basis is
also zero,

Vel =0

3.5 Calculating Christoffel symbols

From the above derivation we find,

9gi;
L Vigi; =0 = Gt = gmg Uik + gim

gk

2. Vigkj =0 = il gmjl_‘z; + grml

m
ji

3. Vighi =0 = 9% = g, I + g IT7

oxJ
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Then, noting that I'/? = I'/? taking (2) + (3) — (1) we get,

Og9k;  Ogri  09ij m
Ozt + oxi  oxk 29km1j

We multiply both sides of this equation by % g"* and thus,

T2 or? oxd  OxFk

This can be used to calculate the Christoffel symbols explicitly from the metric.

3.6 The Covariant Derivative Along a Curve

—

Given a curve Y(A\) = R(71(A), -+ ,7m(\)) parameterized by A, we have the tangent vector:

. dy dz*oR
F=—1 = ——— —tkg,
d\  d)\ OzF

If we have a vector ¥ = v'€; in the tangent space defined at each point on the curve,

dh  d)

—

& 4o o¢; doF  dv
. =

L i dv’ : ~
9k dn et v e Tt = <d)\ + vainktk> €;

where we changed the indices of the second term. We now define, the derivative along a
curve by, ‘
7

i i dv mypi 4k
Dyv :V,Y(/\)U = EhY + oMt

which produces tensors. Similarly, we may write this in terms of lowered indices as,

d'UZ‘ mak
V,y()\)’l)i = a — Umrikt

This derivative along a curve is related to the covariant derivative by,

art o
d\ Ozk

_av

% k A
VW()\)U =t"Vio' = = I

+ o™t + o™t

This allows us to find the acceleration in any coordinates that transforms. So if A = time,
and t* = v¥, the velocity, then we get the acceleration:

2k
dt?

k

Do = + oMk o =a

Remark 3.6.1 (Notation). In the next section I will begin to use the Greek convention
for spacetime indices. The only reason is to get familiar with the convention. I will use
Greek indices for any index for a spacetime coordinate (of a Minkowski-like manifold) in
the range 0,1,2,3 for 3 + 1 dimensions. I will use Latin indices for spatial coordinates (of
a Euclidean-like manifold) in the range 1,2,3 for 3 dimensions. If a tensor in spacetime
appears with Latin indices it means the index runs only over spatial coordinates and not the
time component(s). The results of the following section are generally true for any space or
space-time whether it be Euclidean or Minkowski. As such, I will illustrate with an example
in 3-dimensional Euclidean space.
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In the coming sections there will be many derivatives which will quickly get very tiresome
to write out in full. Here I introduce the following shorthand notation,

0

B g

for a derivative with respect to the coordinates. Furthermore, given quantities which depend
on a parameter A, I introduce the shorthand notation,

d

Oy = —
AT AN

for the total derivative with respect to A. While these notations are very standard, they
have the unfortunate ambiguity that d) looks like a coordinate derivative with respect to
the spacetime index A. Unfortunately, we have run out of letters for parameters since any
Greek letter can represent a spacetime index and any Latin letter can represent a spatial
index. To ameliorate this failure of notation, I will never use A as an index, only as a
parameter.

3.7 The Voss-Weyl Formula

We need to further investigate the properties of determinants under differentiation.

Lemma 3.3.

/g y 0/q
VI 5 and 0 =~}

09w
Proof.
/9 1 dg 1 1
= = 99" = 399"
O 24/9 09 2V/9 2V9
Similarly, (FINISH PROOF) O

Lemma 3.4.

0V _
G~ VI

Proof.
0/9 _ 1 0g 0Ogap
Ozt 2,/9 0gap Ozt

However, we know that,

0 0
g ggaﬁ and gaﬁ
6904,3

Therefore,

8\/§_ 1 af | » > | 1 =0 agﬁ —o 650!
Gun ~ IVIIT O G T g B = 2VI T G T

1 [+ 1] = vars,
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Theorem 3.5 (Voss-Weyl).
1
vV, V¥t =—0,(/g V"
1% \/g M (f )

Theorem 3.6.

1 1 ,
ﬁau (VgV*H) =0,V" + %V“au(\/g) =9, VF +VITY,

=9, V* + V'L, =V, VH

A very important corollary is where we take V# = VF#F = OHF = g"0,F where F is a
scalar. This is a type (1,0) tensor so we can apply the Voss-Weyl formula,

1
V,VF¥F = —0 o, F
122 \/g }L(\/gg )

This gives an explicit formula for the covariant Laplacian, V? = V,V# which does not
require evaluating the Christoffel symbols. When doing computations, the Voss-Weyl for-
mula is far more convenient to evaluate than proceeding from the definition of the covariant
derivative. For example,

(SPHERICAL EXAMPLE)

4 Intrinsic Curvature

4.1 Parallel Transport
4.2 Geodesics

A Geodesic is the notion of the “straightest possible” path on a manifold which may be
curved in some nontrivial way. There are two different ways to capture the idea of a path
being straight. We could call a path between two points “straight” if it minimizes the
distance between the points. There is a slight subtlety here which is that we don’t just
want paths that minimize the distance but actually any path for which any nearby path
(such that the difference between the two is always small) is longer. We call such a path
“extremal” because it is a local extremum of the distance function rather than minimal.
In flat space, minimizing and extremalizing the distance is the same. However, consider
two points on a sphere. In general, there are two “straight” great circle segments which
join the points going opposite ways around the sphere. Only one of these two paths will be
the global minimum distance. However, we would like to call both paths geodesics. I will
call this the global definition of a geodesic because knowing that a path extremalizes the
distance between two points requires global knowledge of the path as a whole. In symbols,
a path v#(\) parameterized by t is a geodesic if,

dye dvP
adgf = it et
5/\/ga5dx dx 5/ 9981 i dA

which says that if you make small variations away from the actual geodesic the variation in
the path length?.

2Remember the squared distance of a small displacement is given by gagdz®dz? so the entire distance is
the integral of the square root of this quantity along the path.
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There is also a local criterion for what it means for a path to be straight. A geodesic is a
path that parallel transports its own tangent vector. This is the statement that a geodesic
is a path which accelerates as little as possible in the sense that the tangent vector stays
in the same direction as much as possible. The best way to visualize this local criterion for
being a geodesic is to imagine a car driving along the surface. The path the car takes if we
lock the steering wheel dead ahead so the car turns as little as possible as it goes over the
curved terrain is a geodesic. The local criterion for a path v#(\) to be a geodesic is that

the tangent vector ' = % is parallel transported along the curve. This requires that,

dt+
_ I
Voot =gy t1a
This is known as the geodesic equation. A beautiful and important fact is that the global
and local definitions of a geodesic are equivalent.> Writing out the tangent vector explicitly,

b _
gttt =0

Ayt dydy?

dA? B dx dx
In general relativity, particles not under the influence of external forces follow geodesics in
spacetime. This can be taken as an axiom or can be argued from the equivalence principle.
The idea is that a particle without external forces (excluding gravity of course) should
accelerate as little as possible. This is how we should think of a geodesic. In fact, we
cannot force the particle’s trajectory to have zero acceleration,

d2#
dxz 0

in all reference frames because the quantity % is not a tensor. However, we can get close.
We will now use a common trick in general relativity which is to evaluate some quantity we
care about in a local inertial reference frame about some point of interest. A local inertial
reference frame or LIF is the “flattest possible” reference frame at a certain point. Imagine
taking the surface and gluing a flat sheet of paper with a Cartesian coordinate system on it
to some point xy. This sheet of paper represents the tangent space at xg. Now we glue the
entire sheet to the surface while stretching it as little as possible. Anyone who has tried to
make a map from a globe knows that this is impossible without stretching the coordinate
system due to the intrinsic curvature of the surface. However, we do get something from
an LIF because we fix g, (x0) = 7 the metric at the point of interest is exactly that of
the flat tangent space and the Christoffel symbols at xg all vanish because to first order
the metric is constant at xyp. However, as we will see shortly, we cannot make the second
derivatives of the metric, or equivalently the first derivatives of the Christoffel symbols,
vanish as well because of the nonzero intrinsic curvature which is invariant under changes
of coordinate system. Consider a point xg on the trajectory of a particle in spacetime. In
an LIF at xzg, we know that Fgﬁ = 0 therefore,

Ayt e dyrdy?dyr
AN e AN dy T

so the geodesic equation reduces to the statement that the coordinate acceleration is zero in
a LIF. In fact, we know this must be true from the equivalence principle which tells us that

3The proof of this fact uses calculus of variations. See Appendix A. for the derivation of the geodesic
equation from extremalizing the total distance along the curve.
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a particle in free-fall “feels” no acceleration. A frame in free-fall is an LIF because by the
equivalence principle it looks exactly like flat space close to the point of interest. Therefore,
the equivalence principle tells us that,

po A dryP B

424 42k
T 0= L 41 —0

dA? dA? aBd\ dA

because the Christoffel symbols vanish in an LIF. Thus, the geodesic equation holds in these
specific coordinates. However, the geodesic equation is a equivalent to V,)t# = 0 which
is a tensor equation. Therefore, if the geodesic equation holds in any coordinate system, it
holds in all coordinate systems. The equivalence principle is enough to give us this equation
in a specific reference frame and then the power of the tensor property means it must be
true in all reference frames.

The geodesic equation is the fundamental law governing the motion of a particle in
curved spacetime. We can write it in a somewhat more suggestive manner,

PR L v
dxz N B dx dA
where m is the mass of the particle and,
d2AH

L
T

is the coordinate acceleration. This looks a lot like Newton’s second law with a force,

d~“ dvﬁ
F* = _mI* =L
grav = T aB g\ N

Thus the Christoffel symbols take on an interpretation as the gravitational force. We see
that the gravitational force is proportional to the mass or equivalently that the gravitational
acceleration is independent of the mass a fundamental observation which lead Einstein to
the equivalence principle. In the formalism of GR, adding this factor of m is actually
extraneous and only done to make analogies to Newtonian physics.

4.3 Geodesic Deviation

An second notion of what it means for a space to be curved is to consider nearby geodesics.
In flat space, geodesics are straight lines and two parallel lines remain parallel forever and
do not intersect. However, on a sphere, two great circles always intersect even if they
look parallel at a given point. The fact that parallel geodesics converge or diverge is a
manifestation of the intrinsic curvature of the manifold. Furthermore, we will be able to
extract an invariant measure of this curvature, the Riemann tensor, from the behavior of
nearby geodesics.
Consider two geodesic paths z#(\) and Z#(\) each satisfying the geodesic equation,
d2zH 2zt

Tzt It (@*)t*t? =0 and VRS Tk, (@) 117 =0

Let us define a new tensor £™wu as:

§HA) = TH(A) — ()
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In this case, £ and z will only transform the same way if their difference is infinitesimal.
Thus, £ is a tensor. We expand in a Taylor series, I' (7#) = I'(z#) +£V9, T (z#)+O(£?). The
higher order terms are negligible for small £. Therefore, via substituting into the geodesic,
equation for T we get,

d2zH
d)?

T () 18 = 35 (00 + ) + (Tl + €0,Thg ) O (2 +€) 01 (27 + €7)
= 36 + T4, (0320267 + 0xaPDr67) + €70, TV 000" Dz
+ Rat 4+ Th 0ha e’ + O(£)
=0

However, because z* also satisfies the geodesic equation,
O3xh + Fgﬂﬁkxa@\xﬁ =0
the last line of the above equation is zero to first order in £. Therefore,
O3 + Tl (ra°0r¢” + A2 0\E" ) + €70, T y0ra" Do
= O3EH + 2T ;0 ONE” + €0, T ;0Aa“Orz” = 0
where I have used the fact that Fgﬂ = Fg o+ Thus, we have the differential equation for &,
OFEH + 2T 5t OhE” +t:17¢ 9, T ; = 0
To write this in tensor form, we calculate the double derivative along the curve z#(\),
D" = Vi) (Vann€) = 03" + 0 [&“tﬁf’gg] + (3A§6 + fat’grgﬁ) T
= OREM + 210N T 5 + EX 0N T + E1P O\ 5 + €7D T o1
Now we use the facts that, dyt? + tptofgg =0 and fatﬁ&\f‘gﬂ = §°‘tﬁt787f‘gﬂ we get,
D3e! = et + 20\ TH , + ¢° (—t”t‘Tﬁg) TH 4+ E2tP00,TH  + €00 gTh
Subtracting the first equation, we find that,
D3gh = —§”tat'88VFgﬁ + gatﬁﬂavrgﬁ - §atpt"1“§al“gﬁ + P g

= "1t (&,FZB — 9Tl + To5T05 — F‘ZJ%&)

Because the left hand side is a tensor since the covariant derivative produces tensors and we
have shown equality in any coordinate systems, the right hand side must also be a tensor.
This motivates Riemann’s definition of the curvature tensor.

4.4 The Riemann Tensor

Definition 4.1. The Riemann Tensor defined as,

RIJ«

6 é
K5 = Ol s — BT, + T4, Tl — T T

« rvo
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Using this notation, our equation for geometric deviation becomes,
D3¢H +¢"t°t°RY 5 = 0

Therefore, parallel geodesics generically remain parallel only when ngﬁ = 0. This justifies
calling any space with RZV 5=0 flat.

In locally inertial frames, The Christoffel symbols vanish at ), and using the fact that,

I = 59" (Bagsy + Opgar — Ovgas), we find,

[
Raﬁ“/

(eh) = s, — 4T,
1
= R;wzﬁv(xg) D) (080a9yu + 98079ap — 080ugay — Ov0agpy — Ov089ap + 0v0ugap)
1
= Ruaﬁv(xg) D) (980agyp + 070ugap — 050ugary — 0v0agpy)
Remember! This result only holds in an LIF.

4.4.1 Properties of the Riemann Tensor

In a LIF, we found above, that,

1
Rapys (20) = 5

5 | Hv989as + 000598y — 0y0agpy — 0s089ary
———— N N N —

R @) 3) )

We note that there are specific symmetries in exchanging indices. In other words, in swap-
ping the Greek indices we find that terms switch roles:

a<+»f = Term (1) > Term (3) and Term (2) <> Term (4)

74> = Term (1) +» Term (4) and Term (2) <» Term (3)
Therefore, we get the property that,

Rapys = —Rpays = —Rapsy = Rpasy
Similarly,
a+y and B d = Term (1) <» Term (2) and Term (3) +» Term (4)
which implies that,
Rapys = Rysap = Roypa = —Royap = —Ryspa

Next, consider, at z,

Rapgys = % (0+059as + 0a0sgsy — OyO0agsy — 05989ar)
Ronsp = 5 (950v9ap + 0a039vs — 05009y — 03049as)
Raspy = 3 (0805Gar + 0a0vgss — 050agss — O0sgap)

Let (a,b) refer to the b term of the a'® line. Now,
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1,1) and (2,4) cancel

Do
—_

,2) and (2,3) cancel

4. (1,4) and (3,1) cancel

5. (2,1) and

- ( (
- d (
3. (1,3) and (3,2) cancel
( d (
( (3,4) cancel
(

) )
) )
) )
) )
) )
6. (2,2) and (3,3) cancel

Therefore, all terms cancel to zero leaving,
Rapys + Raysp + Raspy =0

which is known as the First or Arithmetic Bianchi Identity.

4.4.2 Bianchi Identity

In LIF, we recall that V,, = 0, when evaluated at :cg . Now, let us introduce the notation,
Oap = 0,0g. From the definition of the Riemann Tensor along and the gradient in LIF, we
have,

veRaﬁ’y5 = % (aewﬁgaci + aeocégﬁ'y — UeyadBs — aeéﬂgom/)
v'yRaBEE = % (87569045 + a’yaeg,BE - a’yéagﬂe - a’yeﬂgazi)
véRaﬁe'y = % (aéeﬂga’y + aéa'ygﬁe - aéeagﬁv - a&yﬂgas)

Now,

1. (1,1) and (2,4) cancel

—_

2) and (3,3) cancel

1,4) and (3,1) cancel

5. (2,1) and (3,4) cancel

- (L,1) and (2,4)
- (1,2) and (3,3)
3. (1,3) and (2,2) cancel
- (14) and (3,1)
- (2,1) and (3,4)
- (3,2) and (2,3)

6. (3,2) and (2,3) cancel

These terms all cancel out just right so that the sum vanishes. This gives the Second or
Differential Bianchi Identity,

vﬁRaﬁ’Y(S + V'YR(X,B(SE + v(sRocﬁe'y =0 (1)

We note that these derivations assumed that we were working in a LIF, but since they are
tensor identities, they are true in any coordinates.
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4.5 Ricci Curvature
We now define the Ricci Curvature tensor

Definition 4.2. The Ricci Tensor, R, is defined as,
Ry = R/O;au = 9" Rapyw = 97" Ryvap = Rup
We therefore have from above that the Ricci Tensor is symmetric.
Definition 4.3. From the Ricci Tensor, we define the Ricci Curvature scalar as,
R= Rl =g"R,,
From these definitions, we get the following lemma:

Lemma 4.1. ]
VMRff = QVVR

Proof. We begin with the Bianchi identity as in 1 and contract it to get,
gﬁéga'y (veRaB'y§ + v'yRaﬁée + V6Raﬁe'y) =0
We contract and get,

Og,é’éga'y (veRaﬂ’y(S + VvRaﬁée + V(SRaﬁefy)
= 07" (VuRas + V' Ry + VR, )
= VRS + V Ry — VR,
Thus, solving for V, R
1
ViR =VyR} + VR, = VR =_V,R

where we took advantage of substituting dummy variables.

As a corollary, we find,

1
V/JRMV = §QMVV'LLR

5 The Einstein Field Equations

5.1 Motivation
5.2 Einstein-Hilbert Action

David Hilbert, one of the greatest mathematicians of the 20*" century showed that the field
equations of general relativity could be obtained by minimizing a beautifully simple action.
We consider all possible metrics and compute some number called the action for each of
possible metric. We want to find a metric which extremalizes this action. It turns out
that the condition that a metric extremalizes some action will be that it satisfies some field
equation. If we start with an invariant action, then we must derive conditions which satisfy
the principle of general covariance because they must have the same form in any reference
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frame. A truly remarkable fact about general relativity is that the action which gives rise
the Einstein field equations is the simplest possible curvature invariant we can cook up. It
turns out that satisfying the Einstein field equations is exactly the condition for a metric
to minimize (really extremalize) the total Ricci curvature scalar. If there is matter than we
want the metric which extremalizes the difference between the Lagrangian density of the
matter and the Ricci scalar.

We begin to construct the Einstein-Hilbert action by first considering an invariant vol-
ume. In normal Cartesian coordinates, the infinitesimal volume of a parallelogram with
sides dzf', dob, dah, dzhy, is Sijpdaidaddalda) where S is the symmetry symbol. We may
makes this quantity invariant by defining the volume element of the same parallelogram as,

dV = eijkldmzi dx%dxlgdxi

Therefore, to integrate over such a volume element, we use a volume element spanned by
the four infinitesimal increments in each coordinate: dV = ,/q dz'dz?dz3dz* which we shall
write as dV = \/§d4x.

The action S defined as,

S = / L\g dz
is invariant of £ is invariant. Thus, all laws derived from S will hold in all reference frames.

Definition 5.1 (Einstein-Hilbert Action). This is the simplest action connecting curvature
to Matter/Energy is the corresponding action from the

4

167G

where R is the Ricci scalar, the simplest invariant of Rog4s.

Lor = — R+ Ly

We now proceed to find the functional variation of this Einstein-Hilbert action. For
notational convenience? set xk = SZTG. Now we extremalize S by setting its variation equal
to zero,

65 =0
B 1 4\ 1 0/gR  o6\/gtm v 4
_5</ [—QﬁR—I-EM] Vgd x> _/[_2m Sg + Sgi ogh” d*x
) 0+/gL
:/[5R +£\/§ %\/EM](sg“Vd4x
59;“/ \/g(sg;w \/§ 5g,uu
Now, we solve and find, JR.

0R = (5leglw + Ryy(Sg’W

where,

6R,uzx = 5RZO’I/ =0 |:8qu0 - aVFZO’ + FgVFZp - Ffw‘ 55]

This may be simplified as, (FIX THIS DERIVATION)
0Ry, = 05015, — 0,005, + 614, I — 619, T — T, T

prt py pot vl uo
— V,0T%, + 6T% % — V6T + 1% %o

4The strange combination of symbols is a historical accident. If general relativity were discovered first
then x rather than G would be called the universal gravitational constant
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Therefore, we plug this in to find,
OR = R.,69" + g [Vgéle, + Vl,cSFZU]
= Ry, 69" 4+ Vo [g" 617, — g7 617, |
We note however that since, (V5A?%) (/g = 05/gA?, we get, that,

SR
sgm

Similarly, we find therefore that,

B 1 2 8,/GLum
(5S = / |:_R,u,1/ + §Rg/.u/ + H%(ST

this holds for any dg"” and therefore, the integrand is zero.
We now define the Stress-Energy-Momentum Tensor.

5gM\/gdtx

Definition 5.2. The Stress-Energy-Momentum Tensor is defined as,

_ 2 0VGEm
py \/g 59;11/
We note that this tensor is symmetric such that, T, =T,

Substituting into the above condition we get by setting the variation of the Einstein-
Hilbert action to 0, we get the equation,

1 8¢
R,uu - §Rguu = CTT/M/
Therefore, taking the gradient with respect to p of each side, we find that the equations of
motion imply,

vV, T =0

5.3 Properties of the Field Equations

Now we have the fundamental law of general relativity which describes the shape of space-
time,

8rG

1
R,uzz - §Rguu = CTT;W

The energy-momentum tensor acts as a source term for this set of coupled differential
equations. The left hand size of the field equations is a function of R, which is built from
the Riemann tensor which is built from the Christoffel symbols which themselves are built
from the metric and its derivatives. Therefore, the Einstein field equations give us a set of
differential equations which can be used to, in principle, compute the metric everywhere.
Once we know the metric, we can find the geodesics and therefore know everything about
the spacetime geometry we could think to ask. However, this is an extremely difficult
calculation to do even in simple cases and effectively impossible in general. Therefore, we
will put quite a bit of effort into finding approximate solutions to the field equations and to
extracting information from them without writing down an explicit solution for the metric.
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First, from the properties of the geometric objects on the left, we can deduce properties
of the energy-momentum tensor which must be satisfied if Einstein’s equations are to hold.
For example, we know that,

G = R — %Rguv

is a symmetric tensor because both R, and g,, are. Thus, any valid stress-energy tensor
T}, must be symmetric as well if Einstein’s field equations are satisfied. Furthermore, we
want the energy-momentum tensor to satisfy a local conservation equation,

VT =0

which is immediate for true solutions of the field equations for the metric (metrics that
extremalize the Einstein-Hilbert action) because,

ViR = 3¢" VR = 3V, (Rg") = V,.G" =0

This property of the geometric objects was part of Einstein’s original motivation for the
form of the field equations.
Taking the trace of the field equations,

8tG
R— 3Rg" gu =~ T}
Denoting the energy-momentum trace, T' = T}, and seeing that g"”g,, = 6, = n = 4 we

get that,

R—2R:¥T — R:—ﬁT
C C

Therefore, we can swap R with T in the Einstein field equations to get,

87G
Ry = CT(TW - %Tgw)

Suppose we consider the gravitational field in a vacuum, no matter or energy anywhere such
that T, = 0. Using the above relations, ' = R = 0 so Einstein’s field equations reduce
to R, = 0. Therefore, “vacuum solutions” to Einstein’s field equations are exactly those
metrics which give rise to vanishing Ricci curvature R,,,. However, this does not mean that
a vacuum solution is necessarily flat. It turns out that the Ricci tensor vanishing, R, = 0,
does not imply that the Riemann curvature tensor R,g+s also vanishes, only that its partial
traces are all zero. Therefore, we can have vacuum solutions with nontrivial Riemannian
curvature and thus interesting geometry. This fact is very important because it allows
for gravitational waves to propagate though a vacuum. We will spend quite a lot of time
working with vacuum solutions in the coming sections.

6 The Newtonian Limit

We want to consider gravity in the weak field limit meaning when gravity is very weak and
therefore the metric is approximately flat. We can choose almost Minkowski coordinates
such that g, = 7, + h,, where we thing of h,, as being a small perturbation away from
being flat.
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7 Black Holes: The Schwarzschild Metric

7.1 Deriving the Metric

We want to find a spherically symmetric vacuum solution to Einstein’s field equations in the
empty space surrounding a compact massive object. We can always choose an orthogonal
coordinate system in which the basis vectors are orthogonal and therefore the metric is
diagonal everywhere. Since we require the solution to have spherical symmetry, we will
proceed by generalizing the metric for spherical coordinates (t,r,6, ¢),

2 0 0 0

oh_ |0 =1 0 0

v 0 0 -2 0
0 O 0 —r2sin% 0

By spherical symmetry and time translation invariance, that is we want the solution to be
static in time, we want the metric to only be a function of r. Therefore, we can write,

2 A(r) 0 0 0

| o =B o0 0

G =1 g - 0
0 0 0 —r2sin®6

where A and B are yet undetermined functions of r. One might wonder why we only let
the first two terms depend on arbitrary functions of r. By spherical symmetry, the last two
terms representing the interval along a sphere in terms of the angles 6 and ¢ must be of the
form,

C(r)dQ? = C(r)r*(dh?* + sin? 0 d¢p?)

since otherwise there would be preferred directions on the sphere. However, in this case we
can simply redefine the coordinate r such that 7' = C(r)r? and therefore the metric can
be put in the above form. We can next scale the time component to fix the determinant of
the metric. It is convenient to choose,

det g, = —c*risin? 6
which is the determinant of the metric for flat spherical coordinates. However,

det g, = —c*A(r)B(r)r*sin? 0

so our determinant condition forces B(r) = 1/A(r).

7.2 The Christoffel Symbols and the Ricci Tensor

Now we need to calculate the Christoffel symbols. This is a tedious and horrible exercise
which Mathematica is perfectly suited for. Therefore, I will simply quote the results,

o

'(r)

(3 ) 5aqy 0 0 $2 A/ (r)A(r) B( ) 0 0
Al(r _A(r
Ils = | 240) 000 g = 0 2A(r) 0 0
0 0 0 0 0 0 —rA(r) 0
0 0 0 0 0 0 0 —rA(r)sin? 0
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0 00 0 00 O 0
M, = 00 1 0 = 00 0 %0
COS
a8~ 1o L 0 0 =10 0 o0 @
0 0 0 —cosfsinf 0 % g?jg 0

Next we need to calculate the Ricci tensor,

Ry = 0.1, — 9,12, + rij 05 =T8I0

again, this is a terrible and boring calculation which I will let Mathematica chew on. The
result is,

LeA(r) (22 4+ av(r) 0 0 0
2A" (r)+rA” (r
R,, = 0 - (22A(r) = 0 0
0 0 1—A(r)—rA(r) 0
0 0 0 (1— A(r) —rA'(r))sin? 0

because we are looking for a vacuum solution, we set,
R, =0

Looking at the equation Ryg = 0 we get,

d
1—A(r)—rA(r)=0 = . (rA(r)) =1
Therefore, the generic solution for A is,
r—rs Ts
A e e 1 _ —
(n="" -

where rg is an integration constant. Thus, the metric becomes,

2 (1-1) 0 0 0
\—1
I 0 0 2 0
0 0 0 —r2gin26

so the proper time interval can be written as,

Adr? = (1 — E) Adt? — (1 — T—S)71 dr? — r2d0?

r r
And finally, the Christoffel symbols become,
0 gmG-m7 00
T R e '
0 0 00
0 0 0 0
2(1-1s
(-%2) 0 0 0
Ts re\ —1
T . 0
0 0 —(r—rs) 0
0 0 0 —(r —rs)sin? 6
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0 00 0 00 O 0

1 1
a=lo 14 o S R
T sin 6

0 0 0 —cosfsinf 0 % gﬁf‘g 0

We can determine the constant 5 from the mass of the compact object. Using the geodesic
equation parameterized by proper time,

A2zt " dz® dz?

@~ erdr ar

In particular suppose that # and ¢ are constant. Then, in the r direction,

d2z" dz® dz? T T dt\? ra\—1 /dr)?
r = — = —FT -_— = — i 2 1 — i - . ]_ — i
“ dr? B qr dr 2r2 [C ( r) <d7> ( r) <d7’>

However, for df = d¢ = 0 we see from the expression for an increment of proper time,

el () =0 () 0 ()

Therefore, the radial acceleration becomes,

TSC2

272

a =

which has the form of Newton’s universal law of gravitation,

MG

a =
r2

Since we want general relativity to reproduce Newton’s laws in the low energy limit and we
only have one parameter to play with, we are forced to take,

2MG
)

Ts
c
This is known as the Schwarzschild radius. Matching the low energy limit to Newtonian
theory may be an unsatisfying argument and if so one can fix the constant rs by solving
Einstein’s field equations inside the compact body where T, # 0. However, this is even
more difficult and does not give us nearly enough to be worth the trouble. From above,
it may seem that general relativity exactly reproduces Newton’s law of gravitation but
this is not true. Firstly, we derived the acceleration in the special case that # and ¢
were constant, that is the particle is moving along a radial trajectory. For more general
trajectories the acceleration will not have this simple form and the angular momentum will
enter the expression. Furthermore, a” is the acceleration with respect to proper time not the
coordinate acceleration one gets by simply differentiating the coordinate r with respect to
the coordinate t twice. That said, in the limit of velocities much less than the speed of light
and radii much larger than rg, only the the term I'j, contributes in the geodesic equation
because it has a relative factor of ¢ so the acceleration does not depend on angular velocity
and the proper and coordinate accelerations agree with each other and with the Newtonian
value.
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7.3 A Black Hole
7.3.1 Killing Vectors

Solving the geodesic equation is difficult and annoying. We want to make use of the sym-
metry of the Schwarzschild metric to find conserved quantities of the motion. One method
of doing this is to find so called Killing vectors named for Wilhelm Killing.

Definition 7.1. A vector field K, is a Killing field if,
VK, +V, K, =0

Such a vector field is a manifestation of some symmetry of the spacetime. The essential
fact about Killing vectors is that they give rise to conserved quantities along geodesics.

Theorem 7.1. Let K, be a killing vector and x*()\) a geodesic. Then the quantity,

dxH
—K,—
@ Hoaa

18 conserved along the geodesic. Explicitly,

d dat
(K =) =
dA < K d)\> 0
Proof. Using the geodesic equation,
d dz#\  dK, dz* n d2zH
dA Bdax ) dx dA Hdaa2
0K, datdot o, dat do?
0z dX\ dA HraB dx da

However,

VK, +V,K, =0

and therefore,
OuKy + 0Ky — Kol'yy, — KoI'y, =0

However, the Christoffel symbol is symmetric so,
OuKy + 0, Ky, = 2K,T7,

Now we doubly contract both sides of this equation with the tangent vector of the geodesic
th = ‘E”—; which gives,
OuE MY + 0, K t't” = 2K, 15, t't”

The two terms on the right hand side are equal by renaming indices so,
20, K, t't" = 2K, 1, tht”
which implies that.
DK tht” = Ko T0, 1t

which are, up to renaming summed over indices, exactly the two terms in the derivative of
Q. Therefore,

i dx* B 0K, dz® dz*
dX Hoax

dz® dzf
— o T opr BB
- al'a d)\ d)\ M]'_‘Otﬁ d)\ d)\ _8O¢Kut t —Kuraﬁt t —0
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The real power of the Killing vector method comes from our ability to identify Killing
vectors from the coordinate form of the metric. In particular, if the metric does not depend
on some coordinate, then there will be a Killing vector corresponding to that coordinate.

Theorem 7.2. Then, the vector KM = 6k for some fived index r is a Killing vector if and
only if Oxgap = 0, that is goz goes not depend on x*.

Proof. With lowered indices, K, = g,, K* = ¢,,0 = gux. Now consider the Killing term,
V},LKV + VI/K[,I, = augm; + &/gun - 2go¢nrgy

Now we use the explicit form of the Christoffel symbols in terms of the metric,

1
F;o;u = §gaﬁ (a/—LgI/,B + aug,uﬁ - aﬁg,uu)
Plugging in,
VK, + VK, = 0ugus + Ougur — gomgaﬂ (auguﬁ + Ovgup — aﬁg;w)

= OuGuk + al/gpm - 55 (auguﬁ + al/g;,L,B - aﬁg,uu)
= OuGur + aug;m - (a,ugzm + aug;m - anguu) = ang;w

Therefore, the Killing criterion,
VK, +V, K, =0 <= 0xgu =0
is satisfied if and only if 0,g,, = 0. O

Corollary 7.3. If gog does not depend on the coordinate k, that is Oxgag = 0 then for any
geodesic x*(\) the quantity,

daxt
Ty

1s conserved along the geodesic. This quantity is called the canonical momentum in the
direction k.

Proof. 1f d,,gas = 0 then by the above theorem, K* = §f; is a Killing vector. Therefore, by
Killing’s theorem, the quantity,

daxH daH dat
PK =K,— = 1/51/7 = Y9kpu 3~
man T IOt T IR

is conserved along the geodesic. O

We will now apply Killing’s theorems to the Schwarzschild geometry.

7.4 Schwarzschild Geodesics

The Schwarzschild metric,

?(1-1) 0 0 0

B 0 —(1-z)"" o 0

I = 0 0 20
0 0 0 —r’sin’f



is independent of ¢ and ¢. Therefore, we immediately get two killing vectors £ = (1,0, 0,0)
and ¢“ = (0,0,0,1). This give the conserved quantities,

o da? da® rs\ dt
h=Pi=gast" gy =gy =< (1-7) 35
and X
odz dz dé
l=—FPy= —ga,BC a = —9335 = Tza

7.4.1 Time-Like Geodesics

We will first consider the conserved quantities along the special geodesics parameterized by
proper time,

da? dz? re\ dt
H =mP, :mgaﬂfag 2900? = mc? (1 )

me (1 %)
Ja-m =m0 - (5 o)

which turns out be be exactly the energy of the particle and

daf da3 d
L=-mPy= —mgagca—dx = —mggg—x = mr? sin® 9—¢
T

dr dr
m(r?sin?0) ¢
N T A CR )

where dots represent derivatives with respect to coordinate time. From the proper time
interval,

2 2(1 sV () (1" ar\= o (dO\" o . 9 (dQ
¢ ¢ ( r) dr ( 7") dr " dr rsin” 0 dr

calling g—: = " and plugging in our invariants,

#(-5) =2 () 0= () - ()

Since the orbits must be planar due to spherical symmetry, we can require that 6 =
constant. Thus, v’ = 0 and sin# = 1. Therefore, we get the so called radial equation,

dr\ 2 L2 T rec? 9 H \?
L0 R S [ A
dr m2r2 r r mc?

Rewriting this equation in terms of physical quantities and using H = E + mc? where
E is the mechanical energy,

™

518

1<dr>2 L? (_2MG>_MG_E B2

2 \dr 2m?2r2 c2r r m  m2c?
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If we compare this to the Newtonian equation for the energy,

1, L) MG E
iy _ - _ =
2 2m2r2 r m

we see the two are nearly identical except the general relativity equation has derivatives
with respect to proper time rather than coordinate time and there is an extra term,

L?* 2MG  MGL?
om2r2 2r  m2c2r3

So there is an extra r~3 potential showing up in GR. We call the combination,

Verr(7)

2m2r2 c2r r

L2 ( _2MG> MG

the Schwarzschild effective potential. The extrema of this function correspond to circular
orbits.

7.4.2 Light-Like Geodesics

For a light-like geodesic, the proper time is exactly zero so it is not an available parameter.
Here, we will take an arbitrary parameter A. From the condition for a null-geodesic,

2 2 2 2
2(p T\ (AN sy e (0N e (49 L
(1 7‘) <d/\> 1 r) <d)\ o) T =0

As before, for simplicity we restrict to planar orbits with § = Z is constant. Plugging in

2
the invariants,
dr\> 2 h?
L IR L
dA r2 r c2
We want to find a circular orbit where,

dr  d%r
dh  d\?
This tells us that,

4[50-2)-5]-50-2)+ 550

rs =2(r—rs) = T‘:%T‘S

Therefore,

This is known as the photon sphere, the only place photons can make circular orbits.

7.5 The Action Approach to Geodesics of the Schwarzschild Metric
8 Gravitational Waves

Mention LIGO
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8.1 Linearized Gravity

As before, we want to consider gravity in the weak field limit meaning when gravity is very

weak and therefore the metric is approximately flat. We can choose coordinates such that

9w = N + hyy where we thing of h,, as being a small perturbation away from being flat.
It turns out that when we drop a

8.2 Gravitational Wave Solutions

9 Experimental Tests of General Relativity
10 Dust and Perfect Fluids

11 Electromagnetism in General Relativity

11.1 Maxwell’s Equations in Curved Spacetime

11.2 The Reissner-Nordstrom Metric of a Charged Black Hole
12 Cosmological Models

12.1 Early Models

12.2 Dark Energy and the Cosmological Constant

12.3 The Friedmann—Lemaitre—Robertson—Walker Metric
12.4 The ACDM Model

13 Gravitoelectromagnetism

14 Kaluza-Klein Theory

In a 1919 letter to Einstein, Kaluza proposed that a 5-dimensional theory of general relativ-
ity could unify gravity and electromagnetism through a purely geometric theory. Although
Kaluza-Klein theory makes incorrect predictions about the charges and masses of elemen-
tary particles, the framework has become one the foundational pillars of modern physics
leading to Yang-Mills theories.

14.1 A Five-Dimensional Space-Time

Remark 14.1.1. Tt will be convenient to use the (—, 4, +,+) convention for this chapter.

[ (g;w gu5>
" 9v5 955
where tildes will indicate 5-dimensional quantities. Adding a whole new space-time di-
mension provides far too much dynamical freedom. We require the fifth dimension to be
compactified, rolled-up in a small circle, explaining the fact that an extra spatial dimension

cannot be observed. The 5-dimensional space-time we construct has the topology of a fiber
bundle of the circle S' over a usual four dimensional Minkowski-like manifold M*. This

Consider a metric,
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means the space looks locally like M4 x S1. Often, we will take the space to globally have
the topology M* x S! which we refer to a “trivial” bundle.

In general, the 5th basis vector will not be orthogonal to the basis €, so g5 = €, - €5 # 0.

=l

| o1 o _ S o . . _
We can decompose €, = €, + €, where €, || €5 and €, L €. We then write, e, = B,é5
and thus,

Where,

5 o ~ 5 o 9ub
g=¢,-& and ¢’=g5 =66 and B,=—-—" =L - =

Therefore, the entire 5D metric becomes,

- (9w +®*B,B, ¢*B,
guu - ¢2BV ¢2

A simple calculation shows that,

9" —B#
g - _BY ¢—2 + BaBa
Furthermore,
g = det g/w = (2529

where index juggling is performed with the 4D metric g,,,,. To be able to project physics
down into the base 4D space-time, we impose the cylinder condition,

a5.§~7uu =0

so physical quantities should not change while moving along the circular fifth dimension.

14.2 Gauge Transformations

Suppose we make a coordinate transformation by rotating about the local copy of S by
an amount dependent on 4D space-time position. As we will see, such a transformation is
exactly a local gauge transformation which is why Kaluza-Klein is considered a U(1) gauge
theory. Explicitly, consider the transformation, 2’* = x# and 2/ = 2% — x(2*). Then,
consider the change in components of the metric,

., 03Y 03P _
Iw = gz gz 90
In particular,
0z 93P
2 ~ ~ ~ 2
¢ = 935 = %ﬁgaﬂ =55 =¢

since the coordinate transformation does not depend on x°. However,

N 0z 9z _ ~ ox® _ N
¢ B, = G5 = S 955 e = Gus T 570055 = Gus + ¢ 0ux = ¢*(By + 9ux)
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Therefore, since ¢ = ¢, we see that B, transforms as a gauge field,
B, = By, + dux
Finally, the 4D part of the metric transforms as,

o 0F5 _ 0F° _ 0F5 075 _ 3 _ N
Guw = Guv + 522050 + 5 Gus + 57057055 = Guv + 0uxFsv + GusOuX + G550, X0 X

Using our introduced fields,
/ 2l 2 _ 2l

9y +¢°B, B, = g + ¢ | BuBy + 0,xBy + B.0ux | = g + ¢°B,, B,

and thus the 4D space-time metric is left invariant under the gauge transformation.
/
g;u/ = g/U/
Therefore, rotating locally around the S! components only changes the gauge field B,,,
¢+ ¢ B, — B, +9dux G — Guv

14.3 The Five-Dimensional Christoffel Symbols

Starting directly from the 5D metric, the Christoffel symbols are easily calculated in terms
of their 4D counterparts. For the 4D components,

f‘;ojy = igaﬁ (a,ugﬁu + 8v§uﬁ - aﬁguu)

1 1_ N N
=T, + igaﬁ (8,0°Bg B, + 8,6°B.Bs — 03¢° B, B,) + 5g"‘*” (0G5 + Oudpus)
=T, + ¢°9*" (WusB, + B,W, 3 — B,B,031n ¢*)

where I have used the cylindrical condition 05g,, = 0 and defined the quantity,
Wy = 0,B, — 0,8,

Furthermore,

o 1 ~Q ~ ~ 1 « 1 ~Q ~
s = 59 % (Budps — Opdus) = 39 #¢? (0B — 03By + BpdyIn¢* — B,dsIn ¢%) + 29 °9,ugss

1
= 2096 (W3 ~ By )

and finally,
~ 1. . 1
55 = —590‘585%5 = —§gaﬁaﬁ¢2

where I can restrict to S # 5 by the cylindrical condition.

36



14.4 The Einstein-Hilbert Action for Kaluza-Klein Theory

To study the dynamics of the Kaluza-Klein metric, we need to calculate the Christoffel
symbols and then the curvature tensor. This is a straightforward yet exceedingly tedious
calculation so I will simply write down the results. We postulate a 5D Einstein-Hilbert
action proportional to the simplest curvature invariant, R the Ricci curvature scalar. This
is the exact same form as the action for 4D general relativity. Consider the action,

. 1 - ~
SKK—/%R\/‘;(P.I'

Therefore, we need to examine the form of the 5-dimensional quantity R. The expression
for R follows formally from the form of the metric and the Christoffel symbols,

- 1 2
R=R- ZgbZWWW“” — 5a,la“gb
This is our first hint of the so called “Kaluza Miracle” since term,
1 v
Ly = _ZWWW

has exactly the form of the electromagnetic Lagrangian. Therefore, the action becomes,

SKK :/ |:21/%R — Sll%WMVWNV] ¢\/§d51‘ — /8u8“¢\/§d5x

By the cylinder condition, none of these quantities depends on z° so we can integrate out by
2. Suppose that C is the period of ° or equivalently the circumference of the compactified

dimension. Then the Kaluza-Klein action becomes,

Sk = / [;R - ;&WWWW} p/gdiz —C / 0,0"¢ /g d*x
Now, one last bit of alchemy. Since the constant & is arbitrary, set,

IrGC
]

K=
C

Then we define the vector potential A, = %Bu and the force tensor F,, = 0,4, — 0, A,.
Then,

Fu P = & 42w, Wi
f 2% K

And at last, the Kaluza Miracle,

4
SkK = / : GCW GRd)\/ﬁd‘lx— / iFuyF“l’qﬁ?’ Vgdtz—C / 0,0"/gd*n = Sar+Spr+Ssr
the Kaluza-Klein action becomes the action of general relativity plus the action of electro-
magnetism plus the action of a scalar field. However, there is one subtly, the GR and EM
Lagrangians are multiplied by the scalar field ¢. However, if ¢ is slowly varying then we can
approximate it as a constant and absorb it as a constant multiple of the entire Lagrangian.
When ¢ = ¢g a constant, the action literally reduces to,

Skr = Sar + Seum
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14.5 The Field Equations

We have seen that the Einstein-Hilbert action for the 5D Kaluza-Klein theory gives rise to
a 4D Einstein-Hilbert action and the Lagrangian of an electromagnetic-like theory. Vary-
ing this action with respect to the fields, we recover the Einstein field equations with an
electromagnetic source term from varying the 4D metric, Maxwell’s equations from varying
the field A, and an equation of motion for the scalar field by varying ¢. These results can
also be obtained with a slightly different flavor by ruining the derivation with the opposite
order. Since the Kaluza-Klein action is simple the 5D Einstein Hilbert action,

N 1 - -
SKK:/[%R+£M] Vi dlx

varying with respect to the 5D metric g,, will recover a 5D version of the Einstein field
equations with exactly the same form as its 4D general relativity counterpart,

~ 1~ o~
R/“/ — §R wy = KJTMV

As before, I will restrict to 5D “vacuua” in which T}, = 0. We shall consider the different
components of the Einstein field equations. First, the 4D space-time part,

gives when expanded in term of 4D quantities,

1 G o 1 o 1
R,u/ - ERQ;W = CT(ZSQ <FM()£FV - Zg,uuFaﬂF ﬁ) + a (VMVV¢ - gﬁ“’¢>

which is the 4D Einstein field equations with an electromagnetic energy-momentum tensor
and a strange scalar field energy-momentum. Using the fact that,

1.
Rﬂy—iRgW:O = R, =0

by the standard trace trick then we get,
R =0 = %vy (p*FH) =0
For a slowly varying ¢ field this tells us that,
V,F* =0
which is the Maxwell equations. Finally,
Rss =0 = V,Vip = i&FaﬁFW

which tells us that the electromagnetic field is the source of this strange new scalar field.
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14.6 The Lorentz Force Law

We now want to consider the geodesics in this 5D Kaluza-Klein spacetime. In particular,
we care about the 4D projections of these trajectories. Unfortunately, the full geodesic
equation has many many terms. Specifically, we want to look at the terms contracted with
f‘gﬁ and T, We get,

dUH -
N VS
5 +Tas +

«

%g‘“’# (Fow — 400, In¢?) UT® + O(A?) = 0

Furthermore, the cylinder condition tells us that 05g,3 = 0 therefore, the constant vector
&t =1(0,0,0,0,1) is a Killing vector so the quantity,

fuﬁu = 05
is conserved along geodesics. Therefore, we can write,

dUH 817G

ct

+ T U7 = 2 U FH U + O(A?)

This is the Lorentz force law if we set,

81 -~
ol Vv
me c
The velocity in the compactified dimension is the charge to mass ratio of the particle!

14.7 Charge Quantization

Now we add a tad bit of quantum mechanics! We have particles constrained to a closed
periodic circle in the z® direction. Therefore, a quantum particle cannot have an arbitrary
momentum in the z° direction. If we want to have definite momentum (corresponding to
a state with definite charge) then we need to have a standing wave in the z% direction.
Therefore we need to have C' be an integer number of wavelengths nA. Thus,

h h C

)\:—: — = —
p mU> n

Therefore, solving for U° we arrive at a condition on the charge,

n hv8rG
C ¢

and therefore charge is quantized in units of,

1 hv8nG
°=g

15 Appendix A. The Calculus of Variations

39



